The main purpose of this paper is to study C-distribution semigroups and C-ultradistribution semigroups in the setting of sequentially complete locally convex spaces. We provide a few important theoretical novelties in this field and some interesting examples. Under consideration are stationary dense operators in a sequentially complete locally convex space.
Introduction and Preliminaries
It is well known that the class of distribution semigroups in Banach spaces was introduced by Lions [1] in 1960 as an attempt to seek for the solutions of abstract first order differential equations that are not well-posed in the usual sense; i.e., whose solutions are not governed by strongly continuous semigroups of linear operators. From then on, the distribution semigroups have attracted attention of many mathematicians (cf. [2] [3] [4] [5] [6] for more details about distribution semigroups in Banach spaces with densely defined generators). Since the pioneering works by Prato and Sinestrari [7] , Arendt [8] , and Davies and Pang [9] , there has been growing interest in dropping the usually imposed density assumptions in the theory of first order differential equations and discussing various generalizations of strongly continuous semigroups, such as integrated semigroups, C-regularized semigroups, and K-convoluted semigroups (cf.
[10] for a comprehensive survey of results). The class of distribution semigroups with not necessarily densely defined generators has been introduced independently by Kunstmann [11] and Wang [12] , while the class of C-distribution semigroups has been introduced by the first named author in [13] (cf. [10, 11, 14-18] for further information in this direction). Ultradistribution semigroups in Banach spaces, with densely or nondensely defined generators, and abstract Beurling spaces have been analyzed in the papers of Beals [19, 20] [10, 16, 25, 26] ). On the other hand, the study of distribution semigroups in locally convex spaces was initiated by Shiraishi and Hirata [27] , Ushijima [28] , and Vuvunikjan [29] . To the best knowledge of the authors, there is no significant reference that treats ultradistribution semigroups in locally convex spaces.
In this paper, we introduce and systematically analyze the classes of C-distribution semigroups and C-ultradistribution semigroups in the setting of sequentially complete locally convex spaces, providing additionally many relevant references on the subjects under consideration. When we address an ill-posed boundary problems or, more generally, study the families of bounded operators connected to the Cauchy problems that are not well-posed, usually we use integrated semigroups or C-regularized semigroups. These type of semigroups allow us to construct solutions of the problem, but on suitable subsets of D(A), i.e. for integrated semigroups on D(A n ) and for C-regularized semigroups on CD(A). Examples of locally equicontinuous α-times integrated C-semigroups can be used for the construction of C-distribution semigroups by Theorem 3.15 of this paper. Moreover, it is true that in meaningful examples we do not need C. For example for −Δ 2n we do not need any C, but the construction of C n [30, p. 215] is essential in the analysis of spaces where −Δ 2n generates suitable families of operators [10, Example 2.8.2]. We provide a few theoretical novelties. For example, the notion of pre-distribution semigroup and the notion of nondense distribution semigroup seem to be completely new and unconsidered elsewhere, with the exception of the classical case that E is a Banach space. By Proposition 3.5, we can introduce the integral generator of a pre-(C-DS) (pre-(C-UDS)) on an arbitrary sequentially complete locally convex space. All other methods work only when E is a Banach space. Comparing with [11, 25, 29] here we have generalization in the two directions: (1) If we put the injective operator C ∈ L(E) to be the identity operator on E we obtain usual distribution semigroups (ultradistribution semigroups); (2) E has a more complicated topological structure than the Banach spaces. According to the new techniques of this paper, we pointed out the novelties of our approach in Remarks 3.7(iii), 3.9, and 3.17.
The organization of the paper can be briefly described as follows:
In Section 2, we analyze the C-wellposedness of the first order Cauchy problem in the sense of distributions and ultradistributions, making a special accent on the study of C-generalized resolvents of linear operators in Subsection 2.1. Section 3 is devoted to the main structural properties of C-distribution semigroups and C-ultradistribution semigroups.
1.1. Notation. We use the standard notation throughout the paper. Unless specified otherwise, we will always assume that E is a Hausdorff sequentially complete locally convex space over the field of complex numbers, SCLCS for short. If X is also an SCLCS, then we denote by L(E, X) the space of all continuous linear mappings from E into X; L(E) ≡ L(E, E). By E ( , if there is no risk for confusion), we denote the fundamental system of seminorms which defines the topology of E. By L (E) we denote the subspace of L(E) consisting of those continuous linear mappings T from E into E such that for each p ∈ there exists c p > 0 such that p(T x) ≤ c p p(x), x ∈ E. Let B be the family of bounded subsets of E, and let p B (T ) := sup x∈B p(T x), p ∈ X , B ∈ B, T ∈ L(E, X). Then p B (·) is a seminorm on L(E, X) and the system (p B ) (p,B)∈ X ×B induces the Hausdorff locally convex topology on L(E, X). If E is a Banach space, then we denote by x the norm of x ∈ E. The Hausdorff locally convex topology on E * , the dual space of E, defines the system (| · | B ) B∈B of seminorms on E * , where and in the sequel |x * | B := sup x∈B | x * , x |, x * ∈ E * , B ∈ B. Here , denotes the duality bracket between E and E * , sometimes we will also write x, x * or x * (x) to denote the value of x * , x . Let us recall that the spaces L(E) and E * are sequentially complete provided that E is barreled [31] . By E * * we denote the bidual of E. Recall that the polars of nonempty sets M ⊆ E and N ⊆ E * are defined as follows: M • := {y ∈ E * : |y(x)| ≤ 1 for all x ∈ M } and N • := {x ∈ E : |y(x)| ≤ 1 for all y ∈ N }. If A is a linear operator acting on E, then the domain, kernel, and range of A will be denoted by D(A), N (A), and R(A), respectively. Since no confusion seems likely, we will identify A with its graph. In the remaining part of this paragraph, we assume that the operator A is closed. Put p A (x) := p(x) + p(Ax), x ∈ D(A), p ∈ . Then the calibration (p A ) p∈ induces the Hausdorff sequentially complete locally convex topology on D(A); we denote this space simply by [
If C ∈ L(E) is injective, then we define the C-resolvent set of A, ρ C (A) for short, by
By the Closed Graph Theorem [31], the following holds: If E is a webbed bornological space (this, in particular, holds if E is a Fréchet space), then the C-resolvent set of A consists of those complex numbers λ for which the operator λ − A is injective and R(C) ⊆ R(λ − A). The resolvent set of A, denoted by ρ(A), is nothing else but the I-resolvent set of A, where I denotes the identity operator on E.
Unless stated otherwise, we will always assume that CA ⊆ AC. By σ p (A), σ c (A), and σ r (A) we denote the point, continuous, and residual spectrum of A respectively. Given a closed linear operator A, we introduce the subset A * of E * × E * by A * := {(x * , y * ) ∈ E * × E * : x * (Ax) = y * (x) for all x ∈ D(A)}.
